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m High-energy/high-density QCD scattering processes.
m BFKL equation and violation of unitarity.

m High-energy Operator Product Expansion: high-energy QCD
factorization.

m LO and NLO non-linear BK/JIMWLK evolution equation.

m Conclusions.
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Incoherent-vs-Coherent

m Do DGLAP equations describe high parton-density dynamics?
m No. DGLAP is evolution equation towards dilute regime.

Incoherent Interactions

Bjorken Limit
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DGLAP vs. BFKL

2 . . o .
Xg ~ % AX| ~ % Resolution of v* in transverse direction (Breit frame)

Partons which participate in DIS sca. have transverse momenta k3 < Q?
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DIS cross section at Leading Log Approximation

BFKL: Leading Logarithmic Approximation as<<1 (aslns)"~1

DIS
Ccross
section

BFKL PREDICTS ONLY
PRE-ASYMPTOTIC BEHAVIOR

BFKL
In’s Froissart bound

/ m pQCD at LLA: oo o $2

NON LINEAR EFFECTS
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m At very high energy recombination begins to compensate gluon
production. Gluon density reaches a limit and does not grow anymore.
So does the total DIS cross sections. Unitarity is restored!
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DIS cross section at Leading Log Approximation

BFKL: Leading Logarithmic Approximation as<<1 (aslns)"~1
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m pQCD at LLA: oo o $2

m Can parton density rise forever? Is there
NON LINEAR EFFECTS a saturation limit?

BFKL PREDICTS ONLY
PRE-ASYMPTOTIC BEHAVIOR

m Froissart bound: oy o In’s

m At very high energy recombination begins to compensate gluon
production. Gluon density reaches a limit and does not grow anymore.
So does the total DIS cross sections. Unitarity is restored!

m In order to take in to account rgluons recombination the evolution
equation for the structure function has to be non-linear.
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High-energy scattering in quantum mechanics and QED

Classical trajectoy

m High-energy: E >> V(X) WKB approximation.
[ ] Replace the exact wave function by the semi-classical wave function.
m U ) = — % (Et—k0) g 1 /2 V()

At high-energy U = Uyeex phase factor ordered along the line parallel to V. The
scattering amplitude is proportional to ¥ (t = —o0)

U( ) o evh f+°o dZ’V(Z’+XL)

In QED
U(x,) =ea 2 dix, AR (x(1))
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High-energy scattering in QCD

Classical trajectoy

phase factor for the high-energy scattering: Wilson-line operator

U(X1,V) = Per J-o dt kA (x(V)

Pl < A0 — [T gt At + [T dt AL [t dt A(t)
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Propagation in the shock wave: Wilson line (Spectator frame

- Boosted Field /\/I\/

Each path is weighted with the gauge factor Pg9/ &+~ Since the external
field exists only within the infinitely thin wall, quarks and gluons do not have
time to deviate in the transverse direction = we can replace the gauge factor

along the actual path with the one along the straight-line path.

>

Wilson Line

U, = [oopy + 21, —oopy + 21 ]

x,y] = Peigfol du(x—y)"A,, (ux+(1—u)y) pt = apll‘ + ﬁplz‘ + pli
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Propagation in the shock wave: Wilson line (Spectator frame

- Boosted Field /\/I\/

Each path is weighted with the gauge factor P9/ ®.A"  Since the external
field exists only within the infinitely thin wall, quarks and gluons do not have
time to deviate in the transverse direction = we can replace the gauge factor
along the actual path with the one along the straight-line path.
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High-energy Operator Product Expansion

(BIT{i,(x)i» (%)}(B) =~ /d221d222 v (21,22 %, y) (BJtr{UZ UL, "} B)

+ 2 [acadz 00 22,20 Bl (UL UL Hr(URUL ) B)
1

m=Ing

m |B) Target state
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Leading Order

S S LO dZZ dZZ A A
(T, 05, () a) = = ;11 2 1L0(x,y; 21, 2)tr{ 02 0]}
2
y & X
Y >N ®
—

Y <N

SN d?z,d?z SN
(BIT{j,.(j, (¥)}|B) = ;11 2 1L0(x, y; 21, 22) (BItr{UZ UJ7}|B) + ...
2
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LO Impact Factor

Conformal invariance: (x*,x. )2 = —x4 = after the inversion x, — x, /X% and

+ 2 + _ X043
Xt — xt /x5 X' ="

Conformal vectors:

1 1
= \[9(+(% — P2 +x1) — fisw(p*sl —YP2+Y1)
P1

G = (%+Z§Lp2+zll)7 G2 = (§+25Lp2+za)

2 2. _ K(a)
Here x*=-x1: R=3.0jwe)

Lo 722 02
i

v(2,2) = m8(k - C1) (K - G2) OxHOYY [+ G- G2) = %’iz(ﬁ )]
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Regularization of the rapidity divergence

Matrix elements of Wilson lines: (tr{U(x)UT(y)})a are divergent

For light-like Wilson lines loop integrals
are divergent in the longitudinal
direction

/ o / dy = oo

Regularization by: slope

U"(x,) = Pexp{ig/ du n, A*(un+ xl)} " = pf +e py
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Evolution Equation

o
3
—
=
—
c
X
(el

o= %m{oxum

To get the evolution equation, consider the dipole with the rapidies up to ; and
integrate over the gluons with rapidity n; > n > n,. This integral gives the kernel
of the evolution equation (multiplied by the dipole(s) with rapidity up to 7).

In the frame || to 71 the gluons with n < n; are seen as pancake.

as(n1 —12)Kevol ®

o
_ULL

Particles with different rapidity perceive each other as Wilson lines.
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Non-linear evolution equation

m Linearcase O™ = asAn Kegyo ® O™

15/ 26

G. A. Chirilli (The Ohio State Uni.) NLO Balitsky-JIMWLK equation Toledo - March 8, 2014



Non-linear evolution equation

m Linearcase O™ = asAn Kegyo ® O™

m Non-linear case O™ = asAn Keyol ® {O"0™}
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Non-linear evolution equation

m Linearcase O™ = asAn Kegyo ® O™

m Non-linear case O™ = asAn Keyol ® {O"0™}

o5 2
HUPhia= 3500 [ 52 [UPUE HUE b a — (L UE

A=mn—n

{UimYy, {uudly, {URUlmy, {Ufmufm
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Non-linear evolution equation

m Linearcase O™ = asAn Kegyo ® O™

m Non-linear case O™ = asAn Keyol ® {O"0™}

o5 2
HUPhia= 3500 [ 52 [UPUE HUE b a — (L UE

A=mn—n

{UimYy, {uudly, {URUlmy, {Ufmufm

Obtain a set of rules that allow one to get the LO evolution of any trace

or product of traces of Wilson lines
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Leading order: BK equation

d._ . . -
%tr{uxuj} = Kot{G,0f} + ... =

d A .
% <tr{UxU;}>shockwave: (KLOtr{UxU;Dshockwave
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Non-linear evolution equation: BK equation

U2 = 2tr{tBUA°UJ} = (UxU])™ — (UU)™ + as(n1 — n2) (UxUSU,UJ )™
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Non-linear evolution equation: BK equation

U2 = 2tr{tBUAU]} = (UxU))™ — (UUJ)™ + a1 — m2) (UxUTUU])™

ti(y) =1 {00011}

BK equation:

asNe [ d%z (x —y)?
[

2n2 | (x—2)2(y —2)2 {Z;{(X’ 2) +UzY) ~UXy) ~UXJU(z Y)}

d -
EE;ZI(X7y0 -

Alternative approach: JIMWLK (1997-2000)

17/ 26

G. A. Chirilli (The Ohio State Uni.) NLO Balitsky-JIMWLK equation Toledo - March 8, 2014



Non-linear evolution equation: BK equation

U2 = 2tr{tBUA U} = (UxU])™ — (UU)™ + as(is — n2) (UxUSU,U) )™

ti(xy) =1 060 (1))

d - asNe [ dPz(x—y)? - x . . .
Y = 50 /(X_ 220y - )Z{U(x, 2)+U(zy) - Uxy) - UK 2UzY) |
Alternative approach: JIMWLK (1997-2000)
LLA for DIS in pQCD =- BFKL (LLA: as < 1, agn ~ 1)
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Non linear evolution equation: BK equation

U = 2tr{tBUA U]} = (UxU])™ — (UUJ)™ + as(n1 — n2) (UxUSU,UJ )™

ti(xy) =1 {00011}

d - asNe [ dz(x—y)? - 5 . . .
g0y = ot [ (i) +ay) ~liey) ~ Uix 2 2y))
Alternative approach: JIMWLK (1997-2000)
LLA for DIS in pQCD = BFKL (LLA: as < 1, asn ~ 1)

LLA for DIS in sSQCD = BK eqn (LLA: as < 1, agy ~ 1, a2AY3 ~ 1)

(s for semi-classical)
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Motivation: Why NLO correction?

m How to take higher-order corrections into account (either for BFKL
or non-linear evolution equation).

m Higher-order corrections are needed to improve phenomenology:
m Determine the argument of the coupling constant.

m Gives precision of LO.

m Get the region of application of the leading order evolution
equation.

m Check conformal invariance (in A'=4 SYM)

18/ 26
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High-energy Operator Product Expansion

? Y<n Rl

(Bli, ()i (¥)[B) =~ /dzzleZz lav (21,22 % Y) (BItr {UZ,UL,"}|B)

+ % / 7 d*2d°z; 1).°(z1, 20, 23; %, y) (B|tr{UZ UL} tr{UZ UJ"} B)

mn=In %
m |B) Target state
m NLO Photon Impact Factor has been calculated |. Balitsly and G. A. C.

m NLO BK and Balitsky-JIMWLK eqution has been calculated
|. Balitsly and G. A. C.
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LO+NLO Impact Factor for BFKL pomeron in momentum space

G.A.C. and I. Balitsky (2013)

1#7(g,ky)
e ()G ) (1 2 e
(G +32) (14224 e p))pe]

[ aSNC

14,2 o
+42T(i” (1+—+ = Fo(v)) [Pk + i) }

P — g Bl g L PO (g PO,
q

P q- P2 q-p2/’
lf);w _ nl i 12 q vl w2 q \
(" ~ig” —p ,«pz)(g 9% Pz ;pz)
p//l,/ - nl L 12 /L q vl L v2 » 9 .
(g +ig pz—q,pz)(g g pz—q'p2>

m Functions 71, 7, and 73 are defined in the paper.
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Non-linear evolution equation at NLO G.A.C. and |. Balitsky

d
%Tr{uxuj,} =

2 VY
/ % <a5% + a2Kno(x,, z)) [Tr{UUJ}Tr{UUJ} — NTr{U,UJ}] +

ag/dzzdzz (K4(x, ¥.2,7){Ux, U, Uz, U} + Ks(x.y, 2, Z){Uy, U}, Uz, Uz, U], u;}>

KnLo is the next-to-leading order correction to the dipole kernel and K4 and Kg are the
coefficients in front of the (tree) four- and six-Wilson line operators with arbitrary white
arrangements of color indices.

m We need to calculate some diagrams analytically (pen and paper).
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

) < v %)

(1) - (X1 o (i)
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

(xvi) xviny (xviily o (XIX)

(XXI) . (£ 0) xxiy )

(xxvI) oo “ oxviny Xx1) < (XXX
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Diagrams of the NLO gluon contribution

Diagrams with 2 gluons interaction

(XXX1) M (XXX 4 (XXX ’ (XXXIV)
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Diagrams of the NLO gluon contribution

"Running coupling" diagrams

A cicld

(n

vy
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Diagrams of the NLO gluon contribution

1 — 2 dipole transition diagrams
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Diagrams of the NLO gluon contribution

N = 4 SYM diagrams (scalar and gluino loops)
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Evolution equation for composite conformal dipoles in N =

tr{UZ 073%™ = {0207

. 22 N
+ as / &2z —tr{U”U'"}tr{U”UZ’} —tr{U2 0§} In + 0(a?)
2%32%3 o

az,
2%32%3

d [tl’{U 12 }]conf

OésNC 71'

2, _ agyn ()inTa n n 7407 conf
/d 2%32% 1 = }[tr{TU U320, 007} — Netr{02 U37}]

_ o8 2502 nézz& ZoZs Z§32%4
4mt / o 2532542%4{2| 2%42%3 { 2%32%4 2%42%3} 2%4253}

x tr{[T3, TP 02 T TV 07 4 ToT20Y [TY, T*]0f7}[(02)%% (01)* — (24 — 23)]

Conformal (Mobius) invariant
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NLO evolution of composite “conformal” dipoles in QCD

d N « A A NN
d—[tr{UhU; }]Conf = ﬁ/d223 ([tr{UleT }tr{UZsUEZ} - thr{U21U;f2}]Conf

2

2%2 Oéch -2 Z2 67 2
binZ,u? + b 4 A3l —

2%3253[ ER 25 3]

&z Hf > 24°Z55 + 224° 5 — 47,3, In 2142253}

Z, 2214253 — 224°Z3) 24°Zy
[tr{UzlLAJZZ}tr{UZ3O? }{Uaozl} - tr{UzlozzuaUlekUzz} — (22— z))
252254 2.z 2.7 22042

on&%a | (1, 12234 In 23
2%3224 { Z4%s ( ZZ, — 142%3) 2142253}

% [tr{U UL {0z 0% 1r{U2,0%} — tr{05,05,05,04,02, 01} - (2 — 20)]}

b= 1N — Zny |. Balitsky and G.A.C
KnLo Bk = Running coupling part + Conformal "non-analytic” (in |) part
+ Conformal analytic (N = 4) part
Linearized KyLo sk reproduces the known result for the forward NLO BFKL
kernel Fadin and Lipatov (1998).
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NLO Balitsky-JIMWLK evolution equation

m In proton-Nucleus and Nucleus-Nucleus collisions there are also
guadrupole Wilson line operators tr{UXUf,UWUE}.

m = Need NLO Balitsky-JIMWLK evolution equation.
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NLO Balitsky-JIMWLK evolution equation

G.A.C. and |. Balitsky (2013)

d 2
a —(U1)ij(U2)k (U3)m I 4/dZZ4O|2 {‘712345"1ﬁ
5

x 2 [(23U1)jj (tPU2)i (Ut m (Us — Up)®(Us — Up)*®
— (Ust)jj(Uat®) (t°U3z)m (Us — U1)®(Us — U2)®]

+ J32145In ;2 £ (UIt2); (PU2)i (t°U3)mn(Us — Ug)® (Us — Up)™®
5

— (UL ® (Uat®)ig (Ust®) mn(USE — UF) (UL — UP)]

+ J13245In %‘ £ (28U ) (ULE2)id (t°U3)mn(Us — U1)® (Us — Up)*®
5

— (Ust);j(t"U2)k (Ust®)m(Us — U1)®(Us — U3)*]

Functions J12345 J32145 J13245are defined in the paper Phys.Rev. D88 (2013)
111501
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Conclusions

m Linear evolution equation cannot describe the dynamics of high-energy
QCD.

m Dynamics of QCD at high-energy is non-linear.

= BK/JIMWLK evolution equations.

= NLO BK/JIMWLK evolution equation.

m No solution for NLO BK/JIMWLK equation is available at the moment.

15 years after the NLO BFKL equation was completed its solution has been
found G.A.C and Y. Kovchegov.
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